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Abstract
Cosmological production of sterile neutrinos mixed with active ones is recalcu-
lated with the exact form of the coherence breaking terms in the density matrix.
The results differ by approximately a factor 4 with respect to earlier simplified
calculations. Sterile neutrinos remain viable candidates for warm dark matter
particles.
PACS: 14.60.Pq, 14.60.St, 95.35.+d
1 Introduction
There is increasing evidence that the dark matter particle has a mass about 1 keV. First
of all N-body simulations of large scale structure seem to produce too many satellite
galaxies in comparison with observations, a problem which is solved by reducing power
on small scales [1]. This is most easily achieved through free streaming with a particle
with a mass about keV. Furthermore, disk galaxies are formed without the need for
stellar feedback if the dark matter has mass about keV [2]. On the other hand, to
reproduce the observed properties of Lyman- clouds one gets a lower bound on the
mass of the dark matter particle [3], and the existence of a massive black hole at large
redshift also gives a lower bound on the dark matter free streaming mass [4]. All these
studies point towards the mass of the dark matter particle near 1 keV.
There are several interesting candidates for being the dark matter (for recent overviews
see refs. [2, 5]), and the candidate preferred by minimalists is naturally a neutrino, being
the only non-baryonic DM candidate known to exist. The simplest case is, if the DM is




than about 0:3 MeV [6], however, if the neutrino was in equilibrium in the early universe,
then it must decay in order not to overclose the universe [7]. Another possibility is to
avoid thermalizing the massive neutrino, which e.g. can be achieved by a low reheat
temperature [8].
To give the neutrinos a mass one must extend the standard model slightly, and a
suggestive possibility then appears, namely to introduce right handed or sterile neutrinos.
Such sterile neutrinos could naturally mix with the active neutrinos in the same way
as the active neutrinos probably mix among each other, and if the mixing angle is
small enough then it would be dicult to discover the sterile neutrinos in terrestrial
experiments. We will in this paper consider such sterile neutrinos, and we take both the
mass and the (small) mixing angle as free parameters.
2 The physics behind the production
The production rate of active neutrinos is Γ=H = (T=TW )
3 where H is the Hubble
expansion parameter, T is the temperature of the plasma, and TW  3MeV is approx-
imately the freeze out temperature of the active neutrinos. For sterile neutrinos one











where M is the mixing angle in matter. If the mixing angle in matter was the same as in
vacuum, then there would always have been a (high) temperature, where Γ=H  1, and
hence the sterile neutrino would have been in equilibrium. This is not the case, however,




1 + 3:73  10−20 Cl m(MeV)−2 (y2=x6) ; (2)
where the s mass, m, is measured in MeV and we used the expansion parameter of the
universe, a, to introduce the variables
x = 1 MeV a; y = Ea ; (3)
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and neglected a possible entropy release so that the temperature drops according to
T = 1=a. The numerical coecient Cl depends upon the neutrino flavour: Cl = 0:61
for e and Cl = 0:17 for τ and µ. However, for the temperatures close to or above the
muon mass Cl becomes the same for e and µ. It is therefore clear, that the production
rate at very high temperature is strongly suppressed, Γ=H  T−12. Since one doesn’t
expect any sterile neutrinos to be produced at the end of inflation, fin = 0, one can




sin2 2M ΓW fa : (4)
One of the dicult questions in this approach is what to use for ΓW ? Should one include
only annihilation processes, both annihilation and scattering or some combination? This
question was recently addressed in [14] where bounds on light s were found from BBN,
and we will here apply those results to sterile neutrino production with the focus on keV
masses. Let us already now mention, that the eect of treating this problem correctly
diers signicantly (a factor of about 4) from the simple approach of assuming ΓW =
Γel + Γann.
Before starting let us clarify that we consider the non-resonant case with mνs > mνα,
and since observations indicate that the active neutrino masses are small (for a recent




The kinetic equations describing oscillating neutrinos in the early universe with the
proper account of coherence breaking terms were derived in [16, 17]. The equations are
nonlinear and contain multidimensional integrals over neutrino phase space. Neverthe-
less, assuming kinetic, though not chemical equilibrium, for the active-active component,
aa, of the neutrino density matrix (see eq. (22) below) and taking the simplied ap-
proach of Boltzmann statistics will allow us to solve the equations analytically. To set
notation let us follow and expand the analysis of ref. [14].
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The kinetic equations describing the evolution of the density matrix, , are





dA2ann [aa(p1)aa(p2)− fl(p3)fl(p4)] ; (5)
_ss(p1) = FI; (6)







aa(p1) R(p2) + aa(p2)R(p1)
]
; (7)










where _ = (@t−Hp@p), and ∫ d is a short notation for the integration over all momenta









(2)44 (p1 + p2 − p3 − p4) ; (9)
R and I are the real and imaginary parts of the o diagonal matrix elements
as = 

sa = R + iI ; (10)
and we have dened
F = m2 sin 2=2E ; (11)




An important quantity is F=W = tan 2=(1+ (y; m2)T 6) with the rescaled momentum
y = p=T , which plays the role of the matter mixing angle (compare to eq. (2)).
Since the elastic scattering terms disappear after integrating over p1, it is clear from
eqs. (5, 6) that the lepton number, ns + na  ∫ d3p1 (ss + aa) is constant if Aann = 0







which indicates that the eect of oscillations in the total number density vanishes when
Aann = 0. It means in particular that a creation of s species does not have any eect on
BBN because it is accompanied by an equal reduction of the number density of active
4
neutrinos [14]. This is of course only true if mνs  1 MeV. We are, however, interested
in the individual value of the sterile neutrino number density, ns, because its magnitude
determines the energy density of WDM today, if s indeed constitute the dark matter.
To calculate this quantity both annihilation and elastic scattering are essential.
First, we will formally solve eqs. (7) and (8) to express the non-diagonal components
R and I through the diagonal ones. To this end we approximate these equations as
_R = WI − γR ; (14)
_I = −WR + F
2
(aa − ss)− γI : (15)
In fact the aim of this paper is to proceed beyond this approximation and to describe the
coherence breaking by the exact expressions given by eqs. (5-8) instead of the generally
used simplied anticommutator
_ = :::− fΓ; − eqg ; (16)
where Γ is the 2  2-matrix with the only non-zero entry Γaa = γ. An essential point
is that the expression for R does not depend on γ (see eq. (21) below) in the limit that
the oscillation frequency W is much larger than γ. In this limit one nds the same
expression for R with any form of the coherence breaking terms.
















(aa − ss) ; (18)
where we have followed [18] and introduced q = ax
3 (one has e  6:6  106 (m=keV)
and µ  1:3  107 (m=keV)) with x = 1MeV a(t), where a(t) is the cosmological scale










Ke = 5:63  107 m (cos 2)1/2 and Kµ,τ = 2:97  107 m (cos 2)1/2 ; (20)
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where m is in keV. The form of γ has been debated in the literature, where [9] argued
that γ = γann, hence including only annihilation, whereas [20] argued that γ = γann+γel,
hence including both annihilation and elastic scattering. The dierence between these
two approaches is about 2 orders of magnitude in the exclusion plots for BBN, and the
exact treatment of the collision terms [14] found the result to be somewhere in between.
We will here follow the approach of ref. [14] where no ambiguity arises.
The bulk of sterile neutrinos is produced at rather high temperatures, Ts  102 MeV
(m=keV)1/3 [9, 10, 13, 21], as can be estimated from the approximate expressions (1,
2). In this temperature range the coherence breaking is very fast and the integral over
q1 in eqs. (17, 18) sits near the upper limit q1 = q. Thus one nds R  F=2 (aa −
ss) W=(W
2 +γ2), and since we are considering the non-resonant case we have W >> γ,





As we have already mentioned the result is independent of γ.
We will assume in what follows that the active neutrinos are kept in kinetic equi-
librium with a non-zero eective chemical potential, that have equal values for a and
a
aa = feq(y; ) = [exp(y − )]−1  exp [−y + ] : (22)
This is a very good approximation at the temperatures where sterile neutrinos were
produced, T  102 MeV. Kinetic equilibrium is better maintained than the chemical
one because the elastic scattering is approximately an order of magnitude stronger than
the annihilation.
What will happen below is the following. When inserting the solution (21) in equa-
tion (7) for _R, we can isolate I. One can then insert that expression for I in the equa-
tions (5, 6) for aa and ss, which then can be integrated over p1. By the integration
over p1 the normal elastic scattering terms on the rhs of eq. (5) naturally disappear, but
the scattering terms in the expression for I have momentum dependence which do not
cancel.
6
Let us now treat equation (6) for ss as just described, that is, inserting the formal





_R + collision integral
]
: (23)
This expression for I can be inserted in _ss = FI. Since we changed from time to x, the










_R + collision integral
)
: (24)






























































which is the main result of this paper. This can readily be compared with eq. (9) of





















and we therefore see, that the importance of considering the correct Boltzmann equations
is more than a factor 4 in the relation between the mixing angle and the mass.
If the sterile neutrinos indeed constitute the dark matter, then their number density
is easily found by using s = ΩDM10 h
2 keV/cm3, which gives us
ns
ne












Thus we nd by comparing eqs. (26, 27) with eq. (30) that the necessary values of
mass/mixing are
sin2 2se  2:9  10−7m(keV)−2 and sin2 2sµ  2:3  10−7m(keV)−2 ; (31)
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which upon comparison with the diuse photon background (see details and references
in ref. [21]) gives approximately a factor 2 stronger upper bounds on the mass, about 19
keV for mixing with e, and 21 keV for mixing with µ,τ . Naturally lower bounds on the
mass exist, e.g. if BBN allows 0:3 extra neutrinos around T  MeV, then from eq. (30)
one gets m > 42 eV with ΩDM = 0:3 and h = 0:65.
Recently there appeared the paper [22] where similar problems were addressed both
for resonance and non-resonance cases. The number density of sterile neutrinos ob-
tained in that paper for non-resonance case is Ωνh
2 = 0:3 (sin 2=10−5)2 (m=100keV)2.
It is about 2 times larger than our result. The dierence might be attributed to a dif-
ferent treatment of the coherence breaking terms in ref. [22] and in the present work.
However, the results of ref. [22] also diers from our earlier paper [21], where the same
approximation, eq. (16), for coherence breaking was taken. In view of the potential
importance of sterile neutrinos as warm dark matter particles, it is desirable to resolve
this discrepancy.
4 Conclusion
We have reconsidered our previous calculations [21] (as well as similar calculations of
other papers) of the cosmological production of sterile neutrinos, s, mixed with active
ones (e, µ, or τ ). Instead of an approximate treatment of the coherence breaking terms
as given by eq. (16), used in previous calculations, we use the approach of ref. [14], where
the coherence breaking was treated exactly.
The correct treatment of the collision terms results in approximately 4 times smaller
cosmological number density of sterile neutrinos with keV mass. Hence twice larger
mixing angle is necessary to produce the same mass density of warm dark matter.
We thus see, that a sterile neutrino with mass < 20 keV, and mixing angle given by
eq. (31), remains a simple and promising warm dark matter candidate.
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